Abstract. In this paper, we study some features of n-normed spaces with respect to norms of its quotient spaces. We define continuous functions with respect to the norms of its quotient spaces and show that all types of continuity are equivalent. We also study contractive mappings on nnormed spaces using the same approach. In particular, we prove a fixed point theorem for contractive mappings on a closed and bounded set in an n-normed space.
Introduction
We will study some features of the n-normed spaces with its quotient spaces as a tool. In the 1960's, the concept of n-normed spaces was investigated by S. Gähler [8] [9] [10] [11] . Let n be a nonnegative integer and X be a real vector space with dim(X) ≥ n. The pair (X, ·, . . . , · ) is called an n-normed space where ·, . . . , · : X n → R is an n-norm on X which satisfies the following conditions:
(i) x 1 , . . . , x n ≥ 0; x 1 , . . . , x n = 0 if and only if x 1 , . . . , x n linearly dependent. (ii) x 1 , . . . , x n is invariant under permutation. (iii) αx 1 , . . . , x k = |α| x 1 , . . . , x k for any α ∈ R. (iv) x 1 + x is equivalent to the usual norm on ℓ p . The norm that they used is simpler than the normed used by Brzdȩk and Ciepliński. This norm is derived from the n-norm using a linearly independent set consisting of n vectors.
In this paper, we provide a more general approach to prove a fixed point theorem in an n-normed space. First, we define some quotient spaces of an nnormed space. In each quotient space we define a norm which is derived from the n-norm in a certain way. This norm is simpler than the norm that Brzdȩk and Ciepliński or Ekariani et al. used . Using these norms, we investigate continuous mappings and contractive mappings in the n-normed space and prove a fixed point theorem for contractive mappings on a closed and bounded set in the n-normed space. Using this approach we will also prove a fixed point theorem in ℓ p as an n-normed space. Compared to the approaches used by previous researchers [5, 6, 13, 15, 16] , our approach provides a more general way which can be used to study properties of n-normed spaces.
Preliminaries
Let us begin with the construction of quotient spaces of an n-normed space. Let (X, ·, . . . , · ) be an n-normed space, m ∈ {1, . . . , n} and Y = {y 1 , . . . , y n } be a linearly independent set in X. For {i 1 , . . . , i m } ⊂ {1, . . . , n}, consider Y \ {y i1 , . . . , y im }. We define the following subspace of X:
For each u ∈ X, the corresponding coset in X is defined by
Then we have if u = v, then u − v ∈ span Y \ {y i1 , . . . , y im }. We define the quotient space
The addition and scalar multiplication apply in this space. Moreover, we define the following norm on X * i1,...,im : u * i1,...,im := u, y 1 , . . . , y i1−1 , y i1+1 , . . . , y n + . . . + u, y 1 , . . . , y im−1 , y im+1 , . . . , y n .
One can see that the norm we define in (2.1) is more simpler than the norm that Brzdȩk and Ciepliński used since we define it with respect to a linearly independent set consisting of n vectors.
For an m ∈ {1, . . . , n} we will use the phrase 'norms of class-m collection' which means 'all norms of each quotient space in the class-m collection'. Furthermore, using the norms of class-m collection, we have observed some topology characteristics of an n-normed space as presented in the following.
Definition 2.1. [3] Let (X, ·, . . . , · ) be an n-normed space and m ∈ {1, . . . , n}. We say a sequence {x k } ⊂ X converges with respect to the norms of class-m collection to x if for any ǫ > 0, there exists an N ∈ N such that for k ≥ N we have x k − x * i1,...,im < ǫ, for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. In this case we also say
By the above definition, we have the following theorem. Remark 2.7. For m 1 , m 2 ∈ {1, . . . , n}, we find that all types of convergent sequence with respect to the norms of class-m 1 collection and to the norms of class-m 2 colection are equivalent. The equivalence also applies to all types of Cauchy sequence with respect to the norms of class-m 1 collection and to the norms of class-m 2 collection. In this regard, we may simply use the word 'converges or Cauchy' instead of 'converges or Cauchy with respect to the norms of class-m collection'. Furthermore if every Cauchy sequence in X converges, then X is complete. By the word 'complete', we mean 'complete with respect to the norms of class-m collection', for some m ∈ {1, . . . , n}. Now let us move to the definition of closed sets with respect to the norms of class-m collection, for any m ∈ {1, . . . , n}.
Definition 2.8.
[3] Let (X, ·, . . . , · ) be an n-normed space and K ⊆ X. The set K is called closed if for any sequence {x k } in K that converges in X, its limit belongs to K.
Note that by saying 'closed' we mean 'closed with respect to class-m collection', for some m ∈ {1, . . . , n}. Next is the definition of bounded sets.
Definition 2.9.
[3] Let (X, ·, . . . , · ) be an n-normed space, m ∈ {1, . . . , n} and K ⊆ X be a nonempty set. The set K is called bounded with respect to the norms of class-m collection if and only if for any x ∈ K there exists an
We also have the following theorem which says that all types of bounded set are equivalent. Furthermore, for the completeness of the n-normed space with respect to the norms of class-m collections we have the following theorem.
Theorem 2.11. Let (X, ·, . . . , · ) be an n-normed space and m ∈ {1, . . . , n}.
Then X is complete with respect to the norms of class-1 collection if and only if X is complete with respect to the norms of class-m collection.
Proof. Suppose that X is complete with respect to the norms of class-1 collection and m ∈ {1, . . . , n}. Take any Cauchy sequence {x k } with respect to the norms of class-m collection in X. Then by Theorems 2.2 and 2.5 we have {x k } is a convergent sequence with respect to the norms of class-m collection in X. This tells us that X is complete with respect to the norms of class-m collection. The converse is similar. Remark 2.12. As in Corollary 2.6, one can see that the equivalence also applies to boundedness and completeness of a set. Then, we will use the word 'bounded' instead of the phrase 'bounded with respect to the norms of class-m collection', for some m ∈ {1, . . . , n}. Remark 2.13. For a fixed m ∈ {1, . . . , n}, the convergence of a sequence, the closedness and the boundedness of a set with respect to the norms of class-m collection may be investigated with respect to some norms · * i1,...,im we choose such that {i 1 , . . . , i m } ⊇ {1, . . . , n}.
Moreover, the least number of norms that can be used to investigate these notions is n m . Next, by using a similar approach we will study continuous mappings, contractive mappings, and also prove a fixed point theorem of contractive mappings of a closed and bounded in an n-normed space.
Continuous Mappings with Respect to the Norms of Class-m Collection
We shall now discuss the continuity of a mapping with respect to the norms of class-m collection in an n-normed space.
Definition 3.1. Let (X, ·, . . . , · * ) be an n 1 -normed space and (Z, ·, . . . , · * * ) be an n 2 -normed space and l ∈ {1, . . . , n 1 }, m ∈ {1, . . . , n 2 }. Suppose that f : X → Z.
(i) We say that f is continuous with respect to the norms of class-(l, m)
collections at a ∈ X if and only if for any ǫ > 0 there exists a δ > 0 such that for x ∈ X with x − a * i1,...,i l < δ for every {i 1 , . . . , i l } ⊂ {1, . . . , n 1 }, we have f (x) − f (a) * * j1,...,jm < ǫ for every {j 1 , . . . , j m } ⊂ {1, . . . , n 2 }.
(ii) We say that f is continuous with respect to the norms of class-(l, m) collections on X if and only if f continuous with respect to the norms of class-(l, m) collection at each x ∈ X.
Moreover, if Z = X, then we say 'f is continuous with respect to the norms of class-m collections' instead of 'continuous with respect to the norms of class-(m, m) collections'. The norms · * i1,...,i l , · * * j1,...,jm are the norms of class-(l, m) collections in X and Z respectively. Note that we define class-(l, m) collections by using a linearly independent set consisting of n 1 and n 2 vectors in X and Z respectively. Based on the definition, we have the following theorem. Proof. Let f be a continuous mapping with respect to the norms of class-1 collections at a ∈ X, l ∈ {1, . . . , n 1 } and m ∈ {1, . . . , n 2 }. For any ǫ > 0, there is δ > 0 such that for any x ∈ X with x − a * i < δ l for every i ∈ {1, . . . , n 1 }, we have f (x) − f (a) * j < ǫ m for every j ∈ {1, . . . , n 2 }. Then for any x ∈ X with x − a * i1,...,i l < δ for every {i 1 , . . . , i l } ⊂ {1, . . . , n 1 }, we have f (x) − f (a) * j1,...,jm < ǫ for every {j 1 , . . . , j m } ⊂ {1, . . . , n 2 }. This means T is continuous with respect to the norms of class-(l, m) collection. The converse is obvious. Corollary 3.3. Let (X, ·, . . . , · * ) and (Z, ·, . . . , · * * ) be an n 1 -normed space and an n 2 -normed space respectively, l 1 , l 2 ∈ {1, . . . , n 1 } and m 1 , m 2 ∈ {1, . . . , n 2 }. If a mapping T : X → Z is continuous with respect to class-(l 1 , m 1 ) , then T continuous with respect to the norms of class-(l 2 , m 2 ).
Remark 3.4. By the above corollary, we can see that all types of continuity of a mapping with respect to the norms of class-(l, m) collections are equivalent. Then from now on we will use the word 'continuous' instead of 'continuous with respect to the norms of class-(l, m) collection'. Now we present a proposition that gives a relation between a convergent sequence and a continuous mapping with respect to the norms of class-(l, m) collection.
Proposition 3.5. Let (X, ·, . . . , · * ) and (Z, ·, . . . , · * * ) be an n 1 -normed space and an n 2 -normed space respectively, l ∈ {1, . . . , n 1 }, m ∈ {1, . . . , n 2 }.
Proof. Let l ∈ {1, . . . , n 1 }, m ∈ {1, . . . , n 2 }, and ǫ > 0. Since T is continuous, there is a δ > 0 such that if y − x * i1,...,im < δ for every {i 1 , . . . , i m } ⊂ {1, . . . , n 1 }, then T y −T x * * j1,...,j l < ǫ. Since {x k } converges to x with respect to norms of class-m, choose N ∈ N such that for k ≥ N we have x k − x i1,...,im ≤ δ. It then follows that T x k − T x * * j1,...,jm < ǫ whenever k ≥ N . Therefore T x k converges to T x.
Fixed Point Theorem for Contractive Mappings with Respect to The Norms of Class-m Collection
In this section, we shall discuss contractive mappings with respect to the norms of class-m collection in an n-normed space and its fixed point theorem. Proof. For an m ∈ {1, . . . , n}, let T be a contractive mapping with respect to the norms of class-m collection, then there is a C ∈ (0, 1) such that for any x, y ∈ X we have T x − T y * i1,...,im ≤ C x − y * i1,...,im , for every {i 1 , . . . , i m } ⊂ {1, . . . , n}.
For any ǫ > 0, choose δ = ǫ C . Then, for x, y ∈ X where x − y * i1,...,im < δ for every {i 1 , . . . , i m } ∈ {1, . . . , n}, we have T x − T y * i1,...,im < ǫ, for every {i 1 , . . . , i m } ∈ {1, . . . , n}. Therefore, T is continuous in X Note that, for an m 1 ∈ {1, . . . , n} a contractive mapping with respect to the norms of class-m 1 collection are continuous with respect to the norms of class-m collection, for any m ∈ {1, . . . , n}. Moreover, we have the following theorem. Proof. Suppose that T is a contractive mapping with respect to the norms of class-1 collection, then there is a C ∈ (0, 1) such that for any x, y ∈ X we have T x − T y * j ≤ C x − y * j , (4.1) for every j ∈ {1, . . . , n}. Let m ∈ {1, . . . , n}, by (4.1) we have
. . .
T x − T y * im
≤ C x − y * im , for every {i 1 , . . . , i m } ∈ {1, . . . , n}. It therefore follows from the above inequalities that
..,im , for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. If we consider the norms of class-m collection, then this means T is a contractive mapping with respect to the norms of class-m collection.
We also have this following theorem which will be used later. Proof. Let T : X → X be a contractive mapping with respect to the norms of class-m collection for an m ∈ {1, . . . , n}. Then there is a C ∈ (0, 1) such that for every x, y ∈ X we have ..,n ≤ C x − y * 1,...,n , which means that T is a contractive mapping with respect to the norm of class-n collection.
Finally, we provide a fixed point theorem for a contractive mapping in a closed and bounded set on an n-normed space, with respect to the norms of class-m collection. Proof. Fix an m ∈ {1, . . . , n}. Let x 0 ∈ K and {x k } be a sequence in K such that
Since T is a contractive mapping, there is a C ∈ (0, 1) such that for x 0 , x 1 ∈ K we have
..,im , for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. By using induction, we have
..,im , for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. Now we show that {x n } is a Cauchy sequence in K. Let k, l ∈ N. Without loss of generality, we take l > k and l = k + p, with p ∈ N. Then we have
for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. Also, since K is bounded, for any x 0 , x 1 ∈ K there exists an M > 0 such that x 0 − x 1 * i1,...,im ≤ M , for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. Then we have
for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. Since C ∈ (0, 1), we have lim k,l→∞
for every {i 1 , . . . , i m } ⊂ {1, . . . , n}, which means that {x k } is a Cauchy sequence. Moreover, since X is complete with respect to the norms of class-m collection and K is closed then x k → x, with x ∈ K. Therefore, T has a fixed point in K with respect to the norms of class-m collection. Next, we want to show the uniqueness of the fixed point with respect to the norms of class-m collection. Assume that x ′ ∈ K is another fixed point of T . Because T is a contractive mapping, there is a C ∈ (0, 1) such that
x − x ′ * i1,...,im = T (x) − T (x ′ ) * i1,...,im ≤ C x − x ′ * i1,...,im , for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. This is true only for x − x ′ * i1,...,im = 0, for every {i 1 , . . . , i m } ⊂ {1, . . . , n}. This means that x = x ′ or T has a unique fixed point. Therefore, for any m ∈ {1, . . . , n}, a contractive mapping T has a unique fixed point.
Concluding Remarks
Let us consider the p-summable sequences ℓ p (for 1 ≤ p ≤ ∞) containing all sequences of real numbers x = (x j ) for which |x j | p < ∞. As in [14] , one may equip this space with the following n-norm x 1 , . . . , x n p :=
with x i = (ξ ij ) ∈ ℓ p , i = 1, . . . , n. Now, one can see that if {y 1 , . . . , y n } is a linearly independent set in ℓ p , the norm of class-n collection · * 1,...,n can be writen as (5.2) (5.5) ℓ p is complete with respect to the norm of class-n collection. Hence, T has a unique fixed point.
Remark 5.7. We can also prove Theorem 5.6 using Theorem 4.5, noting the fact that ℓ p is complete with respect to the norms of class-m collection (see Theorem 2.11).
